Abstract. Given a lattice L of R n , a polytope D is called a Delaunay polytope in L if the set of its vertices is S ∩ L where S is a sphere having no lattice points in its interior. D is called perfect if the only ellipsoid in R n that contains S ∩ L is exactly S. For a vector v of the Leech lattice Λ 24 we define Λ 24 (v) to be the lattice of vectors of Λ 24 orthogonal to v. We studied Delaunay polytopes of L = Λ 24 (v) for v 2 ≤ 22. We found some remarkable examples of Delaunay polytopes in such lattices and disproved a number of long standing conjectures. In particular, we discovered:
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(1) Perfect Delaunay polytopes of lattice width 4; previously, the largest known width was 2. Delaunay polytopes. Among perfect Delaunay polytopes discovered by us many have large vertex-sets and sporadic simple groups as their isometry groups. Finally, we derived an upper bound for the covering radius of Λ 24 (v) * , which generalizes the Smith bound and we prove that it is met only by Λ
Introduction
Given an n-lattice L ⊂ R n , a sphere S = S(c, r) of center c ∈ R n and radius r is called an empty sphere for L if there is no v ∈ L such that v − c < r. A polytope D = D L (c) in R n (not necessarily of full dimension) is called a Delaunay polytope in L if the set of its vertices vert D is S ∩ L where S is an empty sphere for L centered at c. An n-dimensional Delaunay polytope D in L is perfect with respect to L (or, extreme, as in [11] ) if every linear bijective transformation φ of R n that maps D onto a Delaunay polytope in φ(L) is a composition of a homothety and an isometry (see [11, 10, 16] for more details on the theory of perfect Delaunay polytopes). Perfect Delaunay polytopes were first studied by Erdahl in connection with his work on quantum mechanics of many electrons [19, 20] .
The norm of a lattice vector is its squared length. A vector of L is minimal if it has the smallest non-zero norm. Denote by Min L the set of minimal vectors of L. If {v 1 , . . . , v n } is a basis of L and the coordinates of Min L with respect to {v 1 , . . . , v n } determine uniquely L up to isometries and homotheties, then L is called perfect. Perfect Delaunay polytopes are inhomogeneous analogs of perfect lattices. Perfect lattices have been studied for more than 100 years since their introduction (as perfect quadratic forms) by Korkin and Zolotarev [25] in 1873. The book by Martinet [27] contains a wealth of information about perfect lattices. Not as much is known about perfect Delaunay polytopes. Up to similarity the unit interval in Z 1 and the Gosset polytope 2 21 in E 6 are the only perfect Delaunay polytopes in dimension n ≤ 6 [9] . We currently know a number of infinite series of perfect Delaunay polytopes [22, 23, 12] , a few sporadic examples [10] related to highly symmetric lattices in dimensions 12-23, and a large number of examples in dimensions 7-9 [16] . A systematic study of thousands of 9-dimensional perfect Delaunay polytopes known prior to this paper showed certain uniqueness properties of these polytopes and their lattices. All of the known examples satisfied the following conditions:
(1) A polytope can be perfect Delaunay only with respect to one lattice. (2) The vertex set of a perfect Delaunay polytope cannot be a proper subset of the vertex set of another perfect Delaunay polytope of the same dimension. (3) A lattice can have at most one isometry class of perfect Delaunay polytopes. (4) The lattice width of a perfect Delaunay polytope is 2.
(5) An antisymmetric perfect Delaunay n-polytope uniquely determines a centrally symmetric perfect Delaunay (n + 1)-polytope (see Section 4) (6) The isometry group of a perfect Delaunay polytope in a lattice L determines the linear isometry group of L: the latter is either isomorphic to Iso D if D is centrally symmetric or is an extension of Iso D with a group of size 2 if D is antisymmetric.
We set to find counterexamples for some of these properties and we have found counterexamples for all of them, which often have sporadic simple isometry groups. We have found them in lattices constructed as sections of the famous Leech lattice Λ 24 , which plays a prominent role in geometry, algebra, and number theory (see, almost all chapters of [6] ). More precisely, given v ∈ Λ 24 we define Λ 24 (v) to be the lattice of vectors of Λ 24 orthogonal to v (see Section 2 for details). Other wellknown lattices that are used in our constructions include the laminated lattices Λ n [6, Chapter 6] and the lattice O 23 of O'Connor and Pall [29] , also known as the shorter Leech lattice [6, page 179] . As a byproduct of our research, we established the covering radius of Λ * 23 , the lattice holding the covering density record in dimension 23.
It is instructive to draw a parallel between perfect polytopes and perfect lattices for property (1) and (2) of the above list. A perfect lattice L may have the following property: there is a non-trivial cen-
Min E 8 and A 9 ⊂ A 2 9 with Min A 9 = Min A 2 9 (see [8, 6] ). In Section 3 we describe a perfect Delaunay polytope of Λ 23 = Λ 24 (v 2 ) with 47104 vertices, which extends to a perfect Delaunay polytope with 94208 vertices in the index 2 superlattice O 23 of Λ 23 . Similarly, we find a perfect Delaunay polytope with 891 vertices in Λ 22 , which remains a perfect Delaunay in an index 2 superlattice of Λ 22 . Note that in dimension n ≤ 8 the set of minimal vectors of a perfect lattice uniquely determines the lattice; furthermore, in dimension n ≤ 7 such a set cannot be extended to the set of minimal vectors of a denser lattice.
The paper is organized as follows. Sections 1.1 and 1.2 introduce basic notions and terminology. Section 2 introduces the Leech lattice and the lattices Λ 24 (v), computes the covering radius of Λ * 23 and proves an upper bound on the covering radius of Λ 24 (v) * . Section 3 describes the obtained counterexamples to property (1)-(4), (6) . Section 4 discusses the construction of perfect polytopes by lamination; finds a counterexample to property (5) and characterizes the cases for which the construction works.
Lattices.
A lattice L is a subgroup of the vector space R n of the form Zv 1 + · · · + Zv k , where v 1 , . . . , v k are independent vectors. The determinant det L is defined as the k-dimensional volume of the parallelepiped
where both lattices are of the same rank, is called a centering of L.
If L ⊂ R n is a lattice then the dual lattice L * is defined as follows:
if and only if it is integral and unimodular. If B
n is the n-dimensional unit ball centered at the origin and L is an n-dimensional lattice, then the covering radius cov L is defined as follows:
cov L = min{µ :
It is easy to see (see, e.g. [6, Section 2.1.3]) that cov L is equal to the maximum circumradius of the Delaunay polytopes of L. 
Given a full dimensional Delaunay polytope D denote by c(D) its center and by L(D) the lattice it affinely generates, i.e. the lattice generated by the difference between vertices of D. If D is a Delaunay polytope with empty sphere S(c, r) for
The dimension of the cone of quadratic functions 
The lamination number (equal to the lattice width number plus 1, see [24] ) of D is the minimum over all primitive (n − 1)-sublattices L ′ of the number of laminae. We found perfect Delaunay polytopes with lamination number 5, while all the previously known ones had lamination number 3. [24] inquired about the possible width of Delaunay polytopes and conjectured that they cannot have large width. We expect that there exist Delaunay polytopes with arbitrarily high width.
Given a vector v ∈ L ⊗ Q, denote by den(v) the least common denominator of its coordinate, i. ∈ L⊗R. Often, by varying the vector v one can ensure that the sphere S around vert D and v − vert D contains other points of L + Zv, in which case S ∩(L+ Zv) is the vertex set of a centrally symmetric perfect Delaunay polytope. Many centrally symmetric perfect Delaunay polytopes were constructed in this way and it was open whether this method always produces a centrally symmetric perfect Delaunay polytope. We find an antisymmetric perfect Delaunay polytope for which the construction does not produce a centrally symmetric perfect Delaunay polytope and we characterize the cases where it does in Section 4.
We say that a finite, nonempty subset X in R n carries a spherical t-design if there is a similarity transformation mapping X to points on the unit sphere S n−1 = {x ∈ R n : x = 1} so that for the spherical measure dω on S n−1 and for all polynomials f ∈ R[x 1 , . . . , x n ] up to degree t we have 1
The maximal possible t is called the strength of the design (see, for example, [32] for more details). A Delaunay polytope define a 0-design on its empty sphere and it is a 1-design if and only if its circumcenter is equal to its barycenter. In Section 3 we find many perfect t-design associated to perfect Delaunay polytopes. The algorithms for Delaunay polytopes used in this study are described in [13] and reference therein and an implementation is available from [33] . The algorithm for enumerating index 2 sublattices and superlattices is exposed in [1] .
The lattices Λ 24 (v)
The Leech lattice Λ 24 is a remarkable 24-lattice, which can be characterized as the unique 24-dimensional self-dual lattice whose non-zero vectors have norm at least 4. In addition Λ 24 is even, i.e. every v ∈ Λ 24 has even norm. The symmetry group Aut Λ 24 is the Conway group Co 0 of order 8315553613086720000. Let us say that a vector v ∈ Λ 24 has type n if it is of norm 2n and has type n a,b if it is also the sum of two vectors of types a and b. Aut Λ 24 is transitive on the vectors of following types: 2, 3, 4, 5, 6 2,2 , 6 3,2 , 7, 8 2,2 , 8 3,2 , 8 4,2 , 9 3,3 , 9 4,2 , 10 3,3 , 10 4,2 , 10 5,2 , 11 4,3 , 11 5, 2 and this exhausts the list of vectors of norm at most 22 [6, Section 10.3.3] . By v n , respectively v n;a,b , we denote a vector of type n, respectively n a,b . Note that 2v 2 is of type 8 2,2 . Proof. Denote by p v the orthogonal projection operator of Λ 24 onto Λ 24 (v) ⊗ R. It is proved in the appendix of [27] that the dual lattice Λ 24 (v)
* is equal to the projection p v (Λ 24 ) of Λ 24 . We suppose that the covering radius of Λ 24 (v)
* is strictly greater than r(v), that is that there exists a vector w ∈ Λ 24 (v) ⊗ R such that for every x ∈ Λ 24 (v) * we have
Thus we get
The inequality h y 2 > 2 contradicts the fact that the covering radius of Λ 24 is √ 2 (see [5] , [6, Chapter 23] 
Thus in order for D to be a Delaunay polytope of circumradius r(v), it is necessary that f (v) = 0 or 1 for v ∈ vert D ′ . So D ′ has lamination number 2 and the vector v is defined up to a scalar multiple by the corresponding 2-lamination. For a n-dimensional polytope P a 2-lamination in two layers L 0 , L 1 corresponds to a partition of vert P in two subsets P 0 and P 1 . If S = {v 1 , . . . , v n+1 } is a set of n + 1 independent vertices of P then the possible partitions {P 0 , P 1 } are determined by the intersections S ∩ P 0 . Thus there are at most 2 n+1 − 2 2-laminations on P and they can be enumerated by considering all subsets of an independent set S of vert P and checking if they correspond to a partition {P 0 , P 1 }. Obviously, there is a finite number of main perfect Delaunay polytopes but we are not able at this point to determine the complete list. Therefore we limit ourselves to v from the first 17 types. We denote by D(v, N) the main Delaunay polytopes of Λ 24 (v) with N vertices since this notation does not have ambiguity in the cases considered here. In Table 3 we list the informations about the full dimensional main perfect Delaunay polytopes in the second column for the 16 The remarkable centrally symmetric perfect Delaunay D(v 3 , 552) was first identified in [10] , it defines 276 equiangular lines [26] , it is universally optimal [4] and it gives the facet of maximal incidence of the contact polytope of Λ 24 [18] . It was noted in [11] Many lattices Λ 24 (v) have several orbits of perfect Delaunay polytopes. No such example is known in dimension n ≤ 9. It turns out that for a given vector v of the 17 cases the strength of the spherical t-design is always the same for all main full dimensional Delaunay polytopes. In particular, for vectors of type 2, 3, 4, and 6 3,2 the main Delaunay polytopes P define spherical t-designs for t = 7, 5, 3 and 2. Our proof was obtained by direct computation and it would be interesting to have a less computational proof, for example, using modular forms in the spirit of the theory of strongly perfect lattices explained in [32] . and Λ 24 (v 6;2,2 , 2) ∩ Λ 22 ⊗ R in which they are still Delaunay polytopes with the same vertex-set. Note that in [15] we obtained Delaunay polytopes with the same property by a different method. Table 3 lists 5 perfect Delaunay polytopes D(v, N) that admit superlattices Λ 24 (v, d) in which these polytopes are proper subsets of perfect Delaunay polytopes. The first, respectively second, phenomenon is a direct analog of the relation between the set of minimal vectors of the pair of perfect lattices A 9 ⊂ A 2 9 and D 8 ⊂ E 8 . All the found counterexamples were long suspected to exist. A technique, which we previously used to no avail for this task was to get more than 85000 perfect Delaunay polytopes in dimension 9 by using the algorithm of [17] . It seems that such counterexamples exist only in high dimension.
A Delaunay polytope D in a lattice L is called basic if there are n + 1 vertices v 0 , v 1 , . . . , v n of D such that for every vertex v of D there exists λ i ∈ Z such that v = n i=0 λ i v i and 1 = n i=0 λ i . A nonbasic Delaunay polytope is given in [14] and a lattice L with Min L generating L but with no basis of minimal vectors is given in [7] . We do not know any perfect non-basic Delaunay polytopes; finding one would be extremely difficult. The corresponding homogeneous problem (whether there exists a perfect lattice which is spanned by its minimal vectors, but where there is no basis of minimal vectors) is also open.
3.1. Lamination numbers. Perfect Delaunay polytopes have lamination number at least 3 [16, Theorem 10] and it is conjectured [3] that a n-dimensional polytope, whose vertices belong to a lattice L and is free of lattice point in its interior, has lamination number at most n + 1. All known perfect Delaunay polytopes in dimensions 6, 7, 
Construction of Perfect Delaunay Polytopes by Lamination
In [11, Lemma 15.3.7] , [23] , [16] , [21] the following construction of centrally symmetric Delaunay (n + 1)-polytopes from Delaunay npolytopes is discussed: take a Delaunay n-polytope D of circumcenter c in an n-dimensional lattice L ⊂ R n+1 and take its inverted copy e n+1 − D in L + e n+1 for a vector e n+1 ∈ R n+1 . In order for vert D and e n+1 − vert D to lie on a common sphere S it is necessary and sufficient that c − (e n+1 − c) is orthogonal to L ⊗ R. So, up to isometry, e n+1 is determined by the distance between the layer L and the layer L + e n+1 . Thus for all δ ≥ 0 we define the lattice L(δ) = L + Ze n+1 with δ the square Euclidean distance between the layers L and L+e n+1 and 2c − e n+1 orthogonal to L. 
Proof. Define
e n+1 . The sphere circumscribing D and e n+1 −D is S(c ′ , r 0 (δ)) and we have r 0 (δ) = r 1 (δ). For i ∈ Z, the set of closest points in layer L + ie n+1 to c ′ is Using the method of [17] , we obtained 85000 perfect Delaunay polytopes in dimension 9. All the ones of first type were centrally symmetric. All the centrally symmetric ones were obtained by the construction of Theorem 3 but we think that this is not the case in a large enough dimension.
